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Abstract 

We define a bicategory in which the 0-cells are the entwinings over variable rings. 
The 1-ceIls are triples of a bimodule and two maps of bimodules which satisfy 
an additional hexagon, two pentagons and two (co)unit triangles; and the 2-cells 
are the maps of bimodules satisfying two simple compatibilities. The operation 
of getting the "composed coring" from a given entwining, is promoted here to a 
canonical morphism of bicategories from a bicategory of entwinings to the Street's 
bicategory of corings. 
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1 Algebras, coalgebras, corings 



1.1. The main results of this paper are an explicit construction of a bicategory 
whose objects are entwinings and of a homomorphism of bicategories from that 
bicategory to R. Street's bicategory of corings (a straightfoward analogue 
of the 2-category of (co) monads from [10]). 

1.2. The results in this manuscript hold in one of the following two generalities. 
In the first case we consider entwinings (i?, A,C,ip : C ®r A ^ A C) 
between i?-algebras A and i?-coalgebras C over (variable) commutative unital 
ring R ([5,6]); in the latter case the entwinings are between i?-rings A (monoids 
in R — Bimod) and i?-corings C (comonoids in R — Bimod) over (variable) not 
necessarily commutative ring R. I will talk about "algebras" and "coalgebras" 
over commutative rings but will be careful about the sides for the bimodules 



Email address: zskoda@irb.hr (Zoran Skoda). 



Preprint submitted to Elsevier Science 



even when over the ground ring R, S etc., so that all our calculations seem 
identical in both cases. ip does not need to be invertible for our purposes. 



One can go to the third generality, working with the internal entwining struc- 
tures in monoidal categories (cf.[3]). In fact, in familiar cases of our interest, 
the monoidal categories have obvious coherences for associativity so we do 
not write them in our statements and proofs. On the other hand if the coher- 
ences are indeed algebraically nontrivial, then the statements here are more 
complicated and somewhat more interesting. 



1.3. When the preprint version 1 of this article has been posted, G. BoHM has 
kindly called my attention to the following argument: distributive laws ([1,2]) 
arc just monads in a 2-category of monads in the sense of formal monad theory 
([10]) of R. Street, and in particular they themselves make a 2-category; the 
analogue can be easily written out for mixed distributive laws betwen a monad 
and a comonad; it is not published in detail, but it is widely known among 
the experts that the formal monad theory can be extended to bicatcgorical 
setup, instead of strict 2-categories; finally entwinings are mixed distributive 
laws in the setup of the bicategory of rings and bimodules; regarding that 
in a bicategory we can do 2 duahzations (inverting 1-cells and 2-cells) there 
are thus 4 natural bicategories of entwinings. Our construction is explicit and 
from scratch and does not use this chain of constructions and translations of 
data (explicit descriptions are its merit but also its conceptual deficiency). 



1.4. The bicategory introduced here is also analogous to the 2-catcgory of 
distributive laws between actions of a fixed monoidal category C on variable 
category V and monads in V (such distributive laws were studied in our ear- 
lier preprint [8] and the 2-category they form in [9]); such distributive laws 
can be identified with C-equivariant monads, that is, monads in the 2-category 
actc(C) of C-actegories, colax C-equivariant functors and their natural trans- 
formations. Finally, one can study the distributive laws between actions of two 
different variable categories on their common target category. If we restrict in 
the latter case to the invertible distributive laws, then we call such data biacte- 
gories (not a typo!); in work in progress [7] we introduce and study a tensor 
product of biactegories using certain pseudcoequalizer (the induction pseudo- 
functor for actegories can be viewed as a special case of that pseudocoequal- 
izcr) with motivation in associating 2- vector bundles to principal bundles with 
structure 2-group. Finally, biactegories make a tricategory biact which is a 
categorification of the bicategory of bimodules bimod. 



2 



2 Bicategory entw 



2.1. 0-cells of entw are the entwinings {R,A,C,il;). Here ring R may vary! 

ip : C ®R A ^ A <S)R C satisfies the usual two pentagons and two triangles 
([6]) which we do not write here; these data are implicit: multiplication fi^ : 
A A ^ A, unit rj^ : R ^ A, comultiplication A"" : C ^ C ®r C, counit 
€^ -.C ^R. 



2.2. 1-cells of entw are the triples {M,a,/3) : {R,A,C,iIj) {S,B,D,x), 
where s^r is a 5 — i?-bimodule, and a : 5 (8)5 M — > M i^r A, and 7 : 
D <Sis M ^ M ®R C are maps of -S" — i?-bimodules, for which the following 5 
diagrams commute: 



the hexagon: 



D®oB 



M-^D®s M ®R A^^M®R C®rA 

B^sD^s M-^B®s M ®R C^^M®R A®rC 
the pentagon for the 5* — i?-bimodule map a: 



B®sB®sM 
B<S)sM — 



B(2)a 



B®sM®rA^ 



■M ®rA®rA 
—^M(S)rA 



the pentagon for the S — i?-bimodule map 7: 

D ®c M ^ 



■M®rC 



D®sD®s M^^D 05 M ®R C^^M®R C ®rC 
and the two triangles: 

M D®sM ^M®rC 





(2) 



(3) 



Notice that in these diagrams we did not bother inserting the brackets and as- 
sociativity isomorphisms inherited from the bicategory of bimodules. A pedan- 
tic reader will easily 'correct' this. 

2.3. 2-cells e : {M, a, 7) ^ {N, (3, 5) are the S-ii-bimodule maps 9 : M ^ N 



3 



such that the following two squares commute: 



B(S)cN- 



■N 



A 



D®sM- 
Df^e 
D®<,N- 



e(X)C 



(4) 



c 



2.4. (Composition of 1-cells) Given a diagram of morphisms of entwinings 

(i?, A, C, 4^\S, B, D, x) {U, E, G, A)^^ {V, F, H, (5) 

define the composition (up to coherences again) 

{P,a,T)o{M,a,P) ■.^{uP^sMR,{P^sa)o{a^sM),{P^s^)o{T^sM)) (6) 

If we should insert the coherences from the underlying bicategory of bimodules, 
instead of (P ®5 a) o (a (g)^ M ) write the composition of 5 maps 



E (P ®s M) ""-^ {E ®t/ M) ®5 M (P ®5 B) 0s M 



(B 



M)^P®s {M ®R A) "^-^ (P ®s M) ®R A 



where the isomorphisms ax,Y,z : X ® {Y ® Z) [X ®Y) ® Z are the com- 
ponents of the associtivity coherence of bimod. 



2.5. (Coherences for the composition of 1-cells) The coherences from 
the underlying bicategory bimod play the role of coherence in entw as well, 
which will be denoted by the same letter a: 

aQ,P,M : (Q, 1^) o ((P, a, r) o (M, a, /3)) ^ {{Q, u) o (P, a, r)) o (M, a, /3) (7) 

In other words, a(^Q,^,,u),{p,a,r),{M,a,p) '■= aQ,p,M (in particular, the pentagon for 
the coherence follows from the pentagon for a in bimod). We need to check 
that this definition is meaningful. The components of a should be 2-cells in 
bimod, which are in fact 2-cells in entw, i.e. two naturality squares commute, 
first of which is 



F®v {Q®u {P®s M))- 

F®uaQ,P,M 

F0V HQ ®c/ P) ®5 M))- 



iQ®u{P^sM))®RA (8) 

aQ,p,M<SiRA. 



\pa)a" 



■((Q ®u P) ®s M)) 



>>R 



A, 



where the horizontal arrows just symbollically denoted "p{aa)" , ^\pa)a" cor- 
respond to the analogue of a for the triple composition, which do involve 
p, cr, a but also various coherences. We will show that this square commutes, 
while another square similar to (8), but for the analogue of 7 is commutative 
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as well, with similar proof left to the reader. Keeping track of coherences, the 
analogue of a for a single composition is a composition of 5 maps, thus if for 
one of them we insert another composition of 5 maps, we have the composi- 
tion of 9 maps. In the diagram showing that (8) commutes, and where maps 
"p{aa)", "{pa)a" are explicit compositions of 9 maps each, we will skip tensor 
product signs, and enclose the corners of (8) in boxes for emphasis: 



F{Q{PM)) 




^ {FQ) (PM) (QE) {PMj^^^^{E{PM) f^^^ ((EP) M) 



O.FQ,P,M 



('■Q,EP,M^ 



a.F,Q,pM 



{F{QP))M 



{{QP)M)A 



liQE,P,M 

{{FQ)P)M^^ {{QE)P)Ai''-^Q{EP))M «('^^) 

iQa)M 

{Q{PB))Ai^^Q{{PB)M) 

0'Q,P,BM 





{Q{PM))A \^mPM)A)Q^p{P{MA))^^Q{P{BM)) 



Q{Pa) 



The diagram is commutative as it splits into 3 naturality squares and 4 asso- 
ciativity pentagons. A similar diagram may be written for 7 instead of a. 



2.6. The composition formula (6) indeed defines a morphism of entwinings. 
With skipping tensor product signs in a big diagram I just draw the commu- 
tative diagram for showing the hexagon for the composition. 



GEPM- 



G{PaoaM) 



■GPMA- 



(P7orM)A 



■PMC A 



\PM 



Ga 




<rMA 



GPBM 



tBM 



PDBM 



PDa 



PDMA 



PxM 



EPDM PBDM — ^ PBMC 

EP^ 



-aMC 



EGPM- 



E{PfoTM) 



■EPMC- 




PMip 



{PaoaM)C 



■PMAC 



Horizontal and vertical composition of 2-cells is simply given by the hori- 
zontal and vertical composition of the underlying morphisms of bimodules. 
One checks that the composed 2-cells are indeed 2-cells, i.e. satisfy the two 
squares (4). 
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3 Homomorphism into bicategory of corings 



3.1. In this article I work with the old Street's version coring of the bicategory 
of corings. It is summarized in the end of the article [4] but it is just a variant of 

a construction in [10]). There is a different (variant of the) bicategory of corings 
also defined in [4] (could be obtained using certain dualization if compared to 
coring) and studied in more detail. 



Let us now define the morphism of bicategories 'composed coring' 



Come : entw — > coring 



3.2. Come on objects: standard "composed comonad" formula well known 
in coring setup: {R, A, C, i/j) gives rise to the composed A-coring (A®rC, A^, e'^) 

where A*^ is the composition A(^rC j^^^^c ^rC = {A C) ®a 

{A ®R C) and similarly for e^: A ®r C A®rR = A. 



3.3. Let us define M G B—A—Bimod. the underlying module \s M. — M®rA, 
it is a left S-module via action 

B®sM®rA'^ M®rA®rA ^-^^ M®rA 

and a right A-module via action M^ji"^ : M^rA^rA — > M^rA. It is easy to 
check that the two actions are compatible, making M<SirA a S — 74-bimodule: 



B (S)s M ^RA(S!RA — 



■M®A^A0A^^^^^-^M®RA®RA 



B ®s M ®rA- 



M®A®tJ'^ 



■M ®rA®rA- 



®rA 



Notice that the definition of the B — A-module structure on M ®r A implies 
that the diagram 



B ®s M ®rA- 



■M ®rA®rA 



(9) 



pr 



pr 



B ®B {M <S)R A)^ — >M (8)R A S(M <S)r A) (g)^ A 



commutes. 



3.4. Come on morphisms: the triple {sMr, a, 7) : {R, A, C, ifj) — > {S, B, D, x) 
maps to the pair {M, C) where M. — MiS)rA is a S — A-bimodule as above and 
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for the map (, one first defines an auxiliary map ( : B <S)s D <S)s {M <S)r A) — > 
(M ®jj A) A iS>R C as the composition 

B®sD^sM(g)RA ""^^ B®sM®rC®rA^ M(^rA(8)rA^rC, 

One checks that C is a map of S — A-bimodules. The fact that C is a map of 
left 5-modules essentially boils down to the pentagon for map 0. I will skip 
the tensor signs in drawing the commutative diagram showing this: 

BBDMA^ BBMCA ^ BMACA^'-^BMAAC 



i^DMA 



BDMA- 



xACA 



aAAC 



L^MCA MAACA^-^MAAAC 



Mfi-^CA 



B'yA 



■BMCA- 



aCA' 



MACA- 



MAip 



MpL'^AC 

-MAAC 



Similarly, the fact that C is a map of right A-modules similarly essentially boils 
to the pentagon for entwining -0: 

BDMAA ^ BMCAA ^ MACAA^MAACA 



BDMn^ 



BDMA- 



B^A 



BMCn^ 



BMCA- 



aCA. 



MAAip 

MACn^ MAAAC 

MAji^C 



MAC A 



MAip 



MAAC 



Let i/i : {B®sD)®s{M^rA) {B ®s D) ®b {M ®rA) and U2 : M^rA(^r 
A(^rC ^ M ^rA®aA(S)rC ^ M ^rA^rC hethe canonical projections. 
Now once we defined ( : B(^^sD®sM®rA MiS)rAi^rAi^rC wc prove that 
there is a unique map (' : (5 (8)5 D) 0^ (M ^rA) ^ M (g)RA^RA^RC such 
that if I'lO^' = and then define ( := i'2°C'- Showing this is a longer naturality 
calculation, involving the hexagon for the map (M, a, 7), the pentagon for a, 
the pentagon for the entwining i/j and 4 or 6 naturality squares (depending on 
the way of defining Q . Indeed, start with {Bi^s D)0s B®s {M®r A) and acts 
with middle B either to the first or the second tensored pair. After that apply 
C,. Thus, omiting the tensor (over the ground rings) signs, the composition 

BDBMA BDMAA BDMA ^ BMCA ^ BMAC ^ MAAC 

equals the composition 

BDBMA ""-^^ BBDMA ^"-^^ BDMA ^ BMCA ^ BMAC ^ MAAC 



(Warning: if one parallely truncates the tail of the two chains of maps, one 
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does not get an identity!) 



BDBMA ^ BDMAA ^ BMCa/^ BMC A BMAC 



BxMA 



BMipA 



BB^A 



Ix^DMA 



BDMA- 



BBDMA^^^BBMCA^^BMACA M AC Aj\^jj^^M AC A 




aACA 



IX^MCA MAACA 




B-yA 



■BMCA- 



aCA 



Mfi^CA 

MACA- 



MAAil) 



MAAAC 



MAip 




Mix^Ai 



MA'ip 



aAC\ 



MAAC 



3.5. In the situation 



iS,B,D,x)- 



iU,E,G,X) (10) 



consider the diagram of corings 



where the corings are C ^ {A®r C,A^,e'^), V ^ {B ®s D,A^,e^), £ = 
{E ®u G, A^, e^), (over A, B and E, respectively) and M = bMa ^ M (S)rA 
and V — eVb — P ®s B are the corresponding bimodules. 

3.6. Proposition. The pair {bMa-, C) = (^^ ®R^iC) defined above is a 1-cell 
in Street's coring. In other words, the pentagon 



■M ®aC 

M®aC 



(12) 



V®bV®b M^^V ®b M C^-^M ®aM®aC 
commutes and the compatibility with the counits holds. 

Proof. In fact, we shall prove the commutativity of a diagram in which the 
upper row is the representative of the map C at the level of the tensor products 
over S and i?, but in the lower row we indeed have the equivalence classes. 
The diagrams are a bit more complicated so we will in addition to skipping the 
tensor products over S and i?, also abbreviate the signs for the tensor products 
over A and S by a dot • (the modules involved gurantee that the meaningful 
choice between ®a and (S>b is unique). For example, BD ■ MA means {B ®s 
D) ®B {M ^rA). One also needs to be careful "cancelling" B and A in tensor 
products over B and A respectively. Carefully distinguish the following two 
maps (and their analogues). The first is the natural projection from the tensor 
product over 5* to the tensor product over M, say BDBM — > BD ■ BM 
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(also sometimes shortly denoted pr) and another is inserting the unit over B, 
say the map BD ■ r]'^ M : EDM ^ BDSM BD ■ BM. Thus diagram (12) 
may be expanded to 



BDMA- 



BjA 



■BMCA- 



BM-ip 



BA'^MA 



BMA'^A 



BDDMA- 



BDjA 



BDMCA- 



BDrt'^DMA 



B-yCA 



■BMCCA 



BMCip 



■BMAC- 



aAC 



■MAAC 




BD-r]'^MC^' 



BD ■ BDMA^-^-^BD ■ BMC A BDMAC 



BD-BMip 




pr 



BD-BD-MA- 



3D-ri'^MAC 

BD ■ BMAC^^^(jBD ■ MAAC 

pr 




BMCAC 




BD-Mr)^AC 



pr 



■BD ■ MA- AC- 



BD-MAC- 



C,-AC 



^BMACQmaaP 

aAC 

MAACC 

pr 

^MA-ACC 

pr 

MA- AC- AC 



where one can directly observe the commutativity of all smallest circuits and 
hence of the entire diagram. 

In addition to the pentagon (12), we need to check the compatibility of the 
map C with the counits of the corings involved: {M A) = {{B 

M) ®A e*^) o C- This follows by the calculation for the representatives, namely 
the diagram 



B®sD®sM®R A'-^^J^B ®sM®rC ®r jT^^M ®rA®rC®rA 

B®e"®M®A ^.^-^^"^ ^.^^^^"^ 

B ®s M ®rA^^^^^^M ®rA®rA^^^^^ ®rA®rA®rC 



pr 



pr 



B®B {M®R A)- 



-^M®R A 



■{M®R A) ®aA 



commutes. This finishes the proof. 



3.7. Come on 2-cells: If 9 : (M,«,7) ^ {N,p,d) then {9 : M ^ N) ^ 
{6 ®R A : M ®)R A ^ N ®r A) . One sees easily that 9 ®)r A is indeed a map of 
B — A-bimodules. We will just draw the diagram for the left 5-equivariance: 



B i®s M ®rA- 



a^A 



■M ®rA®rA 



■M®rA 



B®sN®rA ^^^N®rA®rA^^ 



■N®rA 



For a fixed domain and codomain 1-cells, this tautological map is injective, 
but not the surjective map, because the property that the composition is a 
2-cell in coring is weaker than the property that 9 ®r A is a 2-cell in entw. 
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In coring case just the external square in 



B D M ®rA- 



B®s M ®rC ®rA- 



B(^sD®sN^R A^-j^.B ®sN®rC ®r A- 



■M ®RA(g)RA0RC 

■N ®rA®rA®rC 



commutes. The commutativity of the right-hand square is implied form one of 
the squares in the axioms for {9 vs. 7), while the left-hand square is actually 
the pasting of another such square {9 vs. a) and of a naturality square for the 
tensoring with '0. 

3.8. We need to check the functoriality. Thus consider again the diagram (5) 
of morphisms of entwinings and the compositions (6). 

Comc(P, a, t) Oeoring Comc(M, a, (5) = {V ®b M, {(^ 0b M) o {V ®a C^)), 
versus 

Comc{P®sM,{P®sc^)o{a®sM),{P®slHT®sM)) = {{P®sM)®rA,C^'^^) 

Up to coherences (some of which we already skipped) , the two answers should 
agree; the additional coherences make the functoriality true up to invcrtible 2- 
cell (pseudofunctoriahty) . If we look at the underlying module, this is obvious: 
(P M)(giRA^ {P ®sB)®B {M ®rA) = V ®B M, and the agreement for 
C-s is 



S®E {V ®bM)- 



■{V ®bM) ®aC 



{£ ®E V) ®B A^^-^^V ®B V) ®B M^^V ®B CD ®B Mf^V ®B {M ®A C) 

what expands into the diagram 

EGPBMA^'-^^EPDBMA ^ PBBDmX^^^BBMCA ^ PBMAAC 



pr 



pr 



pr 



pr 



pr 



EGPB . mI^^^PDB. MA PB.BDmI^^PB . BMCA^-^^PB . MAAC 

crDB.MA 



EGPMA 




PBDB.MA 



PBDMA 



EtMA 



■EPDMA 



EP'yA 



EPMCA 



aMCA 



PBMCA 



PaCA^ 



PMAAC 

PMAi 

■PMACA 



The only detail requiring explanation is the commutativity of the hexagon 
below the second arrow in the upper row. To show that it commutes one 
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needs to expand it by inserting PBDBMA in the middle of the hexagon with 
a projection to PBDB.MA and map PBxMA to PBBDMA and also map 
aDBMA from the vertex EPDBMA. Then the lower right corner of the split 
hexagon commutes essentially by the compatibility of the unit r]^ with x- 

Thus we obtained 

3.9. Theorem. The correspondences defined above, define a homomorphism 
of bicategories (with the standard functoriality in pseudo-sense) 

Come : bimod — > coring 



4 Closing comments 

4.1. The operation of producing the lifting monad may be also promoted to 
a canonical morphism of bicategories from the bicategory of entwinings to 
the 2-category of monads which act in the categories of right comodules over 
variable coalgebras over variable rings. This is in a complete analogy to one 
of the results in my earlier article [9], so 1 will not bother writing details here. 
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